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Abstract The subject of this paper is a Jacobian, introduced by F. Lazzeri (unpublished), associated to every 
compact oriented riemannian manifold whose dimension is twice an odd number. We start the investigation of 
Torelli type problems and Schottky type problems for Lazzeri's Jacobian; in particular we examine the case of 
tori with flat metrics. Besides we study Lazzeri's Jacobian for Kahler manifolds and its relationship with other 
Jacobians. Finally we examine Lazzeri's Jacobian of a bundle. 

1. Introduction 

The subject of this paper is a Jacobian, introduced by F. Lazzeri (unpublished), associated to 
every compact oriented riemannian manifold whose dimension is twice an odd number; if (M, g) is 
a compact oriented riemannian manifold of dimension n — 2m — 2(2k + 1), Lazzeri's Jacobian of 
[M,g) is the following p. p. a. v.: 

the torus H m (M, R)/(H m (M, Z) /torsion) with the complex structure given by the operator * and 
the polarization whose imaginary part is (a, (3) = — fa A /3, a, (3 £ H m (M, Z). 
(It is really a p. p. a. v., in fact: the operator * : H m (M,H) —* H m (M, R) (defined through the 
isomorphism of H m (M, R) with the space of harmonic m- forms) has square —1, so it induces a 
complex structure on H m (M, R); besides J ■ A • = J * • A * ■ and J • A *• is positive definite.) 
One can easily see that the following definition is good: 

Definitions 1.1. Let k 6 N and m = 2k + 1. Let TZ C {(M,g) | M oriented compact C°° manifold 
of dimension 2m, g riemannian metric on M}. Let ~ be the following equivalence relation on TZ: 
(Mi,g±) ~ (Af2,<72) iff there are an orientation preserving diffeomorphism f : M% — > Mi and a 
C°° map t : M\ — » R + such that (Mi,tgi) £ 7Z and f*g% =tg\. Let Ah be the set of p.p.a.v. 's of 
dimension h up to isomorphisms. Let 

Tr : TZ/ ~ — ► A/2 6 m (M) 
be the map associating to the class of (M, g) Lazzeri 'Jacobian of (M, g) . 

Now fix M and a symplectic basis of H m (M, Z) /torsion with respect — J ■ A ■ and let TZ C 
{g | g metric on M} . Then T-ji can be lifted to a map 

Tn : TZ/ con formal equivalence — ► 'Hi/2b m (M)i 

where TLh is the h-Siegel upper half space (two metrics on M, g\ and gi, are said conformal 
equivalent iff gi — tgi where t is a C°° map: M — > H + ). 
We often omit the subscripts TZ in T-r and T-r. 

If we consider the metrics of constant curvature equal to —1 on a C°° compact surface, we have 
that Lazzeri's Jacobian is the usual Jacobian of the correspondent Riemann surface. 
The outline of the paper is the following: Section 2 deals with Torelli and Schottky problem for 
Lazzeri's Jacobian of tori with flat metrics, in Sect. 3 we study Lazzeri's Jacobian for Kahler 
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manifolds and its relationship with other Jacobians and in Sect. 4 we examine Lazzeri's Jacobian 
of a bundle. 

To state our results on Lazzeri's Jacobian we fix here some notation we will use in all the paper. 
Notation 1.2. • Ah, "Hh : defined above; we will often drop the subscripts h. 

• Gr(/i, V), Gc(fe, W). Gr(/i, V) is the Grassmannian of the real h-subspaces of the real vector 
space V , Gc(fc, W) is the Grassmannian of the complex k-subspaces of the complex vector space 
W. 

• T n . We define T n = {(R™/A, g) | A lattice, g flat metric on R"/A}/ ~, where ~ 
is the equivalence relation defined in Def. 1.1; here it becomes (R™/A, g) ~ (R"/A',</) iff 3 a 
orientation preserving map f : R"/A — > R n /A' induced by a linear map R™ — > R™ such that 
f*g' = eg for some c G R + , where the orientation is the standard one o/R™, (in fact z/(R"/A, g) 
and (R™/A', g') are equivalent for ~ through a map ip, then ip is given by an affine map R™ — > TL n ). 

• T n . Set T n := {T G M(n xn,R) |T lower triangular, T iti > Vi, deiT = 1}. 

• Lei m G N and n = 2m. Consider the standard basis o/R™, {ej}^!,.^. VFe ca/Z lexicographic 
ordered basis o/ A m R™ the following ordered basis: ej, 7 = (n, ...,i m ) G N m 1 < ii < i 2 < 
... < i m < n, with the multindeces ordered by the lexicographic order. Let I := {I = (1,^2, ■■,i m ) G 
N m | 1 < i 2 < ■■ < i m < n }- If I G T, we choose and fix forever one of the multindeces J such 
that we obtain (I, J) from (l,....,n) with an even number of transpositions and we call it I. Let 
£ = {1 1 1 G I}. We want to define another ordered basis of A m R": we take first the multindices 
in I in the lexicographic order: we call them I\,l2,...; then we consider I\,l2,...; we call the 
symmetric lexicographic ordered basis o/A m R™ the ordered basis ej x , e/ 2 , e/ , e/ 2 , and 

we call "the symmetric lexicographic order" the order I\, I 2 , ..., I\, l2, ■■■ of the multindeces ofXUS. 
Analogously for (R") v instead o/R™. 

• Let M be a complex manifold. If H q (M, C) = V (B W, n v ,w ™^ denote the projection onto V. 
We will often omit the subscript V, W in n v ,w when it will be clear. 

• K(M,g), K'(M,g), F*(M), J q (M). Let (M,g) be a compact Kahler manifold of complex 
dimension m; let ft be the (1,1)- form associated to g. 

K = K(M, g) := {[rf\ G H m (M, C)| [n] = Er>o,r=-m(m+i)/2 (mod 2)^^} with ri r primitive form 
of degree m — 2r} and 

K 1 = K'(M,g) := {[n] G H m (M, C)| [n] - £ r >o,^i- m (™ + i)/2 {m od2)P r Vr] with Vr primitive 
form of degree m — 2r} . 

FP(M) :— (B a +b=q, a> P H a ' b (M,C) (we will omit the subscript q when no confusion can arise). 
If q is an odd number, we define J q (M) = ® a +b= q , o-6=i (4)H a ' b (M, C). 

First we examine the case of flat metrics on tori. Let n = 2m = 2(2fc + f) and N := ^ dim A" l R"; 
we study T : T n — > An and, choosing a symplectic basis, we study T and in particular Im T (and 
then Im T): 

Theorem A. i) Choosen any symplectic basis of H m (R n /Z n , Z) with respect to — J ■ A ■, the map 
T ■ {g \ g flat metric on R n /Z n }/conf. equiv. ► Hn is infective. 

ii) Now call {dx\, dx n } the standard basis of (R") v . If we take as a symplectic basis of 
H m (R, n /Z n , Z) with respect to — J ■ A •, the sym. lex. ordered basis {dxi = dx i± A...Adx im }iexus, 
we have that ImT = {X + iY G Hn \ 1) and 2) hold}, where: 

1) Y = EE 1 where Ej j = det(T)j_j, I, J G X, X ordered in lex. order., for some T upper 
triangular matrix n x n with determinant 1 and Tij > (in particular E is upper triangular with 
positive diagonal elements and the entries of every column of E are the Plucker coordinates of an 
element of Gr(2/c, R™ -1 ) and the same for the entries of every row of E). 

2) Xjj = if I and J have more than one index in common, where I, J G X, X ordered in lex. 
order. 

iii) Lazzeri's Jacobian of a generic flat oriented torus has not nontrivial automorphisms as p. p. a. v.. 

iv) The map T : T n — ► An is generically locally infective, v) but not infective. 

In Section 3 we consider Lazzeri's Jacobian for Kahler manifolds (M, g) and we see that it depends 
only on the complex structure of M and on the cohomology class of the (1, l)-form associated to g; 
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using that, we examine the relationship of Lazzeri's Jacobian with Weil's and Griffiths' Jacobians: 
Theorem B. Let (M,g) be a compact Kdhler manifold of complex dimension m = 2k + 1; (in the 
sequel ir is iTj ^ j jj^ ); we have that, as complex tori, 

• k th Weil's Jacobian is H m (M,H)/ (H m (M,Z) /torsion) with the complex structure given by C 
(or J m (M)/ir(H m (M, Z)) with the complex structure given by i), 

• k th Griffiths' Jacobian is H m (M,TL)/(H m (M,Z)/ torsion) with the complex structure given by 
C on the set {n + rj\ n G J m {M) n F k+1 (M)} and -C on {77 + 77 | n e J m (M) n F k+1 (M)} (or 
J m (M)/ir(H m (M, Z)) with the complex structure i\ j m ( M)n F fc+i( M ) © ~i\ j m (M)nF*+ 1 (M)j> 

• Lazzeri's Jacobian is H m (M, R) / (H m (M , Z) /torsion) with the complex structure C\h^ (m ,n)nK® 
-C\ H ™(M,n)nK> (or J m (M)/ir(H m (M,Z)) with the complex structure i\j m ( M )nK © -i\j m (M)nK' ); 
k th Weil's Jacobian and Lazzeri's Jacobian are p.p.a.v.'s (also if the 1-1 form associated to 
the metric isn't rational) and the real part of the polarization is the same (equal to J ■ A *■ on 
H m (M,K)/(H m (M,Z)/ torsion)). 

Besides we consider another class of Ricci-flat metrics (besides the flat ones on tori) Kahlcr-Einstcin 
metrics on the complex manifolds with trivial canonical bundle and we find another local Torclli 
theorem for Lazzeri's Jacobian (Corollary C), and one could formulate the following conjecture: 
Conjecture. T-r is locally infective if 1Z is a set of Ricci-flat metrics on a manifold M. 
Finally in Section 4 given a bundle F — > M, we study the relationship between Lazzeri's Jacobian 
of F and Lazzeri's Jacobian of M (Prop. D). 

We think that one can easily find open problems about Lazzeri's Jacobian, for instance to go on 
with the study of Schottky and Torelli type problems, to study Prym-Tyurin varieties for Lazzeri's 
Jacobians and the relationship between Lazzeri's Jacobian and the theory of degeneration of abclian 
varieties or more precisely to study a possible "object" T(M,go) to associate to every compact 
oriented manifold M of dimension 2(2fc+ 1) with a singular metric go (i.e. (go)p is semipositive 
definite VPS M), such that, if gt are riemannian metrics on M for t > and g t — > go for t — ► 0, 
then T(M,g t ) — ► T(M,go) in some sense. Observe that if we consider a torus M — R 2 ( 2fe+1 )/A 
with a singular flat metric go, one could define T{M,go) in the following way: let g be a flat 
metric on M extending go (i.e. (go)p = (g)p on (ker(go)p) ±s VP G M, or equivalently for one 
point of M); we define T(M, g ) = H 2 g k+1 (M, R)/ip(H 2 g k+1 (M, Z)) with the complex structure * g , 
where 1i. 2k+1 is the set of harmonic (2k + l)-forms for g, i.e. invariant (2k + l)-forms, ib is defined 
pointwise as the projection onto A 2fe+1 ((ker(g )p) ±3 ) v VP and * g the operator * for g (one can 
easily see that this definition doesn't depend on the metric g extending go, see Appendix.) 



2. The case of tori with flat metrics 
2. a. Some lemmas of linear algebra 

Lemma 2.1. Let il be a real upper triangular matrix n x n, where n — 2m. In the lex. ordered 

basis o/A m R™, the matrix /\ m is upper triangular. Besides, if /\ m £1 is equal to ^ ^ D ) * n 

the sym. lex. ordered basis of A m R", then B — 0, A is upper triangular and D lower triangular. 
Proof. Left to the reader. □ 
Lemma 2.2. Let £1 be a real upper triangular matrix n x n, where n — 2m. 

Let us fix an ordered basis of A m R™ defined in the following way: order in any fixed way the 
multindeces I in T; call them K\,K<l,.., then, order the multindices in £ in the following way: 
Ki,K 2 , ..; consider e^je^, -> e k > ■■•> (f or i ns t ance the sym. lex. ordered basis). 

In this ordered basis of A m R™ let /\ m Q be ( ^ d ) ■ We have: 

a) A t D = (det [1)1; 

b) suppose det J! ^ 0; for / el and J e £ 
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= v i± A ... A v im A Vj 1 A ... A v Jri 



x ( if I and J have more than one index in common 

' IJ [ ±jj^- if I and J have only I in common 

Proof. If P and Q are two multindcccs, fip,g will denote the determinant of the minor P, Q of 
f2. We will denote the j t/l -column of ft by i>j and i>j — flijei by TTj. 

a) Let I = (ii, ...,i m ) G I and J = (ji, ...,j m ) G £. Observe that 
(A t D)/ ! jei A ... A e„ = ^ SeI ^s./^s^ei A ... A e„ = 

= (J2se2^s,ie Sl A .... A e Sm ) A (Ets£ ^T,je tl A ... Ac im ) = 

= (Esexus fi s,/ e si A A e s m ) A (Etgiu£ fi T,je tl A ... A e tm ) = 

if J^J 

(det O) ei A ... A e„ if J = / 
where S 1 = (si, s m ), T = (ti, t m ), and the last but one equality holds because Qs,i — for 
S e £ and I el. 

b) Let /, J G £. We remark that, since neither I nor J contain 1, / and J have some index in 
common. Let I = {i\, ...,i m ) and J = (ji, ...,j m ) with I = i r = j s . We have: 

(detf7)(^- 1 C)/jei A ... Ae„ = (£)*C)/jei A ... A e„ = n^n^ei A ... Ae„ = 

= Uj 1 A ... A TJi m A (wjj A ... A Vj m — Vj 1 A ... A Vj m ) = v^ A ... A v im A Vj 1 A ... A Vj m — 
= Tii-t A ... A Vi m A A ... A Vj s l A fii,z e i A «j s+1 A ... A Vj m = 
= Ui 1 A ... AUi m /\Vj 1 A ... AVj e _ 1 A Oi^ei AiJj s+1 A ... AVj m = 

{0 if I and J have more than one index in common 

e det Qe\ A ... Ae n if I and J have only I in common 

where e is the sign of the permutation taking (i\, ...,i m ,ji, ...,j s -i, l,j s +i, ■■■,jm) m (L ■■■,n). □ 
Lemma 2.3. Let m G N and n = 2m. Consider the set of positive scalar products on R n up to 
conformal equivalence. The map, defined on this set, associating to the class of a positive definite 
scalar product its operator * on A m (R") v , is injective. 

Proof. We observe that, given a scalar product on R™, two elements of R n , v and w, are 
perpendicular iff there exists a m-subspace of R™ perpendicular to w and containing v; thus v 
and w are perpendicular iff 3 a G A m_1 R™, a simple (i.e. of the kind: v\ A ... A v m -\) such that 
w A *(a A v) = and aAu^O. Thus * determines the conformal structure. □ 

2.b. Proof of Theorem A 

Remark 2.4. The set {(R n /Z n ,g) \ g flat metric on R™ /Z n }/conf. equivalence is in bijection 
with the set P n of symmetric positive definite matrices n x n with determinant 1, thus with T n . 
The set T n = {(R n /Z n ,g) \ g flat metric on R"/Z n }/ - = P n /SL(n,Z) (where A G SL(n,Z) 
acts on P n by P i— ► A 1 PA) and we endow it with the quotient topology induced by the set above. 



Proposition 2.5. Let n := 2m = 2(2k + 1) and N := \ \ 

Let L G GL(n,K); let A 2k+1 (Z," 1 )* = ( ^ ^ m the sym iex _ order; set ^ X{L) ^ = 

( B(L) ~A{L) ) " ( d\l) ) i dG fi ne Z ^ = X ^ + E M ( N X N > C )- 

Let det L > 0. Call {dx\, ...,dx n } the standard basis of (R n ) v . Choose the sym. lex. ordered basis 
{dxj — dxi x A ... A dxi 2k+1 }ieiu£ as symplectic basis of H m (R n jZ n , Z) for — J • A ■. We have that 
Z(L) = f(R n /Z n ,L t L) (the orientation o/R"/Z™ is given by the standard one ofW 1 ). 
Proof. Let bi be the columns of L^ 1 , they are an orthonormal basis of R™ for the metric L l L. 
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The matrix representing the ordered basis {dx/}/exu£ m function of the sym. lex. ordered 
basis of iJ m (R n /Z",R), {b^}i eXU £ is A 2k+1 (L~ 1 ) t = ( A £ ). Then the matrix expressing 

{dxi,*dxi}i e x in function of the sym. lex. ordered basis {&/}/exu£ is ^ ^ ^ )' ^ nus ^ ne 

matrix expressing {efa;}/ e £ in function of {dxj, *dxj}j e x is: f ^ ^ J ( D ) ' ^ 

Proof of Theorem A. In proving ii), iii) and v) we use Prop. 2.5 and its notation. 

i) The map T is injective by Lemma 2.3 and because the harmonic forms on tori are the translations- 
invariant forms. 

ii) Observe that, if L £ T n , then A 2fc+1 (L -1 )* = ( ) by Lemmas 2.1 and 2.2. 
Then X(L) — A(L)~ 1 C(L) and Lemma 2.2 implies the claim for X . 

Besides Y(L) = A' 1 {L^A- 1 {L))\ where A(L)i t j = det((i- 1 ) t )/„ / ; then we have Y(L) = 
A^ 1 (L)(A^ 1 (L)) t = A(L^ 1 )(A(L^ 1 )) t where ^(L -1 )/,,/ = det(P*)/,j. Taking E = A^ 1 ) and 
T = 1} we conclude. 

iii) Let G be the modular group. If F a := {x G TLn \ <?{x) — x} for <r G G* := G — {Id}, 
we have to prove that T n — Z~ 1 (\J ae G*F a ) is a open dense subset of T n . The openness follows 
from the fact that G acts properly and discontinously on TL (see [|L-B| p. 218). To prove the 
density, it is sufficient (by Baire's theorem) to prove that Ver G G* , the set T n — Z~ 1 (F a ) is a open 
dense subset of T n \ since Z^ 1 ^^) is defined by polynomial equations, we have only to prove that 
T n - Z- 1 (F IJ ) ^ i.e. that Z{T n ) C F a implies a = Identity. 

Let a e G be the map Z i-> (MZ + N)(PZ + Q)" 1 . Obviously Z <E F a iS ZPZ + ZQ = MZ + N. 
Let L G 7^ t ; for every c G R + , let L(c) be the matrix obtained from L by multiplying by 
c -4k-i an( j the other entries of X by c; we have Z{L{c)) = c ik+2 Z(L); since Z(L(c)) G F CT Vc G R + , 
we have c 8fc+4 Z(L)PZ( J L) + c 4fc+2 (Z(i)Q - M2(L)) - TV = Vc G R+, VL G T„; thus: 
1) JV = 2) Z(L)PZ(L) = V L G T„ 3) Z(i)Q - MZ(L) = V L G 7; 

Hence: Q = (M 4 )^ 1 by 1) and a G G; P = 0, M = Q by 2) and 3), taking L = I. Thus 
M is orthogonal. From 3), we have: Y(L)M — MY{L) and this implies M diagonal (take L 
in such way that Y(L) diagonal with the elements of the diagonal different one from another). 
Being M orthogonal and diagonal, M must be diagonal with only ±1 on the diagonal; still from 
Y(L) — My(L)M _1 , taking L in such way that Y(L) not diagonal, we obtain M = I. 

iv) It follows right away from i) and iii), since G acts properly and discontinously on Ti.. 

v) Let us consider two diagonal matrices G T n , one inverse of the other: F and P _1 . 

We have: C(F) = B(F) = (^(P^ 1 ) = B{F- 1 ) = and A(F) = ^(p- 1 )- 1 , D(F) = ^(p- 1 )- 1 . 
Thus Y(F- r ) = y(P) 1 and ^(p- 1 ) = X(F) = 0. Thus Z{F) = -^(p- 1 )- 1 ; so the Z's differ by 
a modular map. Thus Lazzeri's Jacobians of (R n /Z", P 2 ) and of (R n /Z™, (P -1 ) 2 ) are isomorphic 
p.p.a.v.'s. But we can choose P in such way that jBA G SL(n, Z) s.t. A t F 2 A = (P -1 ) 2 . □ 



3. The case of Kahler manifolds 



We recall some facts on the operators *, G and L (see for instance [Ch|, [Wei|, [G-H|, ]We| , jGrefl ). 

Let M be a complex manifold of complex dimension m; Weil's operator C is defined on the forms 
of bedegree (a, b) by Crj = i a ~ h r\ and then is extended by linearity to arbitrary forms; observe that 
C takes real forms to real forms. If M is compact and of Kahlerian type, then, Vg G N odd, the 
operator G defines a complex structure on H q (M, C) (and thus on H q (M, TL)) depending only on 
the complex structure of M; the i-eigenspace of C is J q (M) = ® a +b=q,a-b=i (4)H a ' h (M, C). 

Now suppose that (M, g) is a hermitian manifold and let f2 be the (1, l)-real form associated to g; 
let L be the operator on the set of forms defined by Lrj = A r\ and A the adjoint operator of L. 
A form n such that Ary = is said primitive. Every form lu of degree q can be written uniquely 
in the form lu = X)r>(«j-m)+ L ruj r, where io r is a primitive form of degree q — 2r. If g is of Kahler 
then L defines an operator on H q (M, C); a class [oj] G H q (M, C) is said primitive if [Aw] = and 
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a class [ui] 6 H q (M, C) can be written uniquely in the form [u>] = Ylr>(q-m}+ L r [w r ], where [u) r ] is 
a primitive class of degree q — 2r. 

Warning 3.1. Here the operator *, defined as usual on real forms, is extended to complex forms 



by C-linearity as in Ch] and [Wei|. 

Lemma 3.2. Let (M,g) be a hermitian manifold of complex dimension m. Let r\ be a m-form on 
M . If we write r\ = X)r >o L r T) r with r\ r "primitive [m — 2r)-form, we have that: 



EM) 



- + r 



L r Cr] r , Cr] = Y J L r Cr] r . 



r>0 



r>Q 



Then we observe that we can decompose the space of the m-forms in two parts: 
{V = J2 r >o,reven L * Vr with Vr primitve (m - 2r)-form} and 
{V = J2r>o,roddL r, r]r with rj r primitve (m - 2r)-form}; 

~ ' m 2 + m m 2 + m 

on the first part * = (— 1) 5 C, on the second one * = (— 1) 2 VX C . 

Proof. In [Ch] p. 26 or ||Wefl the following formula is proved: if 10 is a primitive p-form on M 



andr < m - p (m = dimcMj, then *L r uj = (-1)^^ r J ^, L m -P- r Cuj. 



Applying it, with p 



(m— p — r)! 

2r, to each term L r r\ T of the sum 77 = X) r >o 



5>v = 5>lv = £(-1) 



r>0 



r>0 



L r i] r , we obtain: 
L r C7 lr . 



r>0 



□ 



Since CL = LC, we have: 

C V = Er>0 CL r 1] r = Y,r>0 ^C^. 

Corollary 3.3. Let (M,g) be a compact Kdhler manifold of complex dimension m. Consider the 
operators * and C on H m (M, C). We have that * = C on K and * — — C on K' (see Not. 1.2). 

Let (M, g) be a compact Kahler manifold of complex dimension m. We recall the definitions of 
Weil's and Griffiths' Jacobians (see for instance Ch], [Wei], [ G-H |, [Grc ]). 

• Suppose that the 1-1 real form fl associated to the metric is rational; let p £ N with p < m — 1; 
pth \Yeil's Jacobian is an abelian variety so defined: 

the torus H 2p+1 (M, R)/(H 2p+ : ( A/, Z)/ torsion) with the complex structure given by C and the 
polarization whose real part is lZ{a, (3) = J a A *(3. 

• Let peN,p<m-l; p th Griffiths' Jacobian is the following complex torus: 

the torus H 2 p +1 (M, C)/(FP +1 (M) +H 2 p +1 (M, Z)) = F n ~P +1 (M)/ir{H 2 P +1 {M, Z)) with the com- 
plex structure given by i. 

PROOF of Theorem B. We recall that H m (M, C)=K@K' and that, by Corollary 3.3, * = -C 
on K and * — C on K' . To prove the Theorem we have only to observe that H m (M, R) = 
(H m (M, R)nK)® (H m (M, R) n K') and J m = (J m n K) © (J m DK'). □ 

Thus fc t,l -Griffiths', fc* -Weil's, Lazzeri's Jacobians of a Kaher manifold (M,g) of dimension rn = 
2k + 1 are the same real tori with a different complex structure and the "change" of the complex 
structure depends on the complex structure of M for Griffiths' J.- Weil's J. and on the class of the 
(1, l)-form associated to g for Lazzeri's J.- Weil's J.. 





fT" (M, R)/(iT" (A/, Z) /torsion) 


J m (M)/7r{H' n (M. Z)) 


k tn G.J. 


C \{n+v\ T,e.7 m (M)nFfc + i(jv/)} C \{-n+-\ v eJ m (M)nF>* + i-(M)} 


l 'j m (M)nF<= + i(jv/) 9 'l.' m (M)nFHl(M) 


k th W. J. 


C 




L. J. 


C|H m (M,R)nK ffi -C\ H m (M R)nK l 


i\j m (M)nK ffi — i| j m (M)nK' 



Definition 3.4. Let (M,g) be a compact Kahler manfold of complex dimension m = 2k + 1. Set 
J' m {M) := (K(M, g) n J m {M)) © (K'(M,g) n J m (M)). 
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Corollary 3.5. Let (M,g) be a compact Kahler manfold of complex dimension m = 2k + 1; we 
have T(M,g) — J' m (M) /it Jr ( A ,/) j< (H m (M, Z)) urai/i the complex structure given by i and the 

imaginary part of the polarization (a, (3) — — J AI (ct + a) A (/3 + f3). 

Remark 3.6. Let (M,g) be a compact Kahler manifold of complex dimension m — 2k + 1; seeing 
T(M,g) as J' m {M) /ir{H m {M, Z)), we can define a Abel map for /c-cycles: 

let Zo be a fc-cycle in M and set B(Zq) := {Z k-cycle homologous to Zq}; let {V>i, ■■■■ipi} be a basis 
of J' m {M): Abel's map fi : B(Z Q ) — ► T(M) is so defined: if Z G S(Z ) and C is a (2fc + l)-chain 
with dC = Z - Z , 

fi(Z) :=(/ Vi,--, / 

One can easily see that the definition is good (in an analogous way as in [|Li| p. 131) and by the 
same calculation in [ Gri p. 826, one can see that if {Z\}\^b is a family of effective fc-subvarieties 
with B not singular and Zq = Z\ a , the map /x(A) = fJ.(Z\) is not holomorphic in general: let C\ 
be a chain such that dC\ = Z\ — Zq; we have that f c ipi is unless ifii is of kind (k + 1, k) or 
(fc, k + 1) and that J c ^ is holomorphic in the first case and antiholomorphic in the second case. 

Notation 3.7. Let M be a complex compact manifold of dimension m; consider a smooth defor- 
mation of the complex structure A4 — > A, (A polycylinder 3 0); we call M t the fibre over t and 
let <p be a C°° trivialization: M. — > M X A (possibly restricting A ); <fi induces diffeomorphism <f> t : 

M t — ► M. Let p : Tq(A) ► if (0) be the Kodaira- Spencer map, where Tq(A) is the holomorphic 

tangent space to A in and = 6(T 10 (M)). Suppose that M is of Kahlerian type (and then also 
M t by Theorem 15 in Jff-^/ j. 

We recall the definition of Griffiths' and Weil's period maps. 

• The Griffiths period map Q q : A — > G c (/f, H q (M, C)) x ... x G c {ff v , H q {M, C)) (possibly 
restricting A) is the map: 

t~(g*(t),...,gt-»(t)), 

where 0J(t) = {fc 1 )* F$(M t ), /£ = dimF|(M) and v = [^]. 

• If q is an odd positive integer, the Weil period map W q : A — ► Gc(b q /2, H q (M, C)) (possibly 
restricting A) is the map 

t h-> W q {t) = (fc x )*J q {M t ). 



Let 4>(t) b e a s moothly varying harmonic (q — r,r) form on M t . Call <f> = 0(0). We have (see [Gri] 
p. 812 or fGr| p. 33): 

^|t=o = p(i)^, which is of type (q - r - 1, r + 1), (1) 

^|t=o = p(I)-0, which is of type (g-r + l.r-l), (2) 
where • is the contraction. 

Thus we have that, while Q q is holomorphic and Lm (dQ q )(0) is in @r=o...vHom(H q ^ r ' r , iy<?- r - 1 > r + 1 ) ; 
the map W q is not holomorphic; precisely, if <j> G F q 1 ~ r (M) 

(i<r r )(o)(0) = ^^^-W^) ■ # = • ^ 



(|^r)(o)(^) = -i^,^ (M) (p(i) • = o; 

while, if q is odd and G J q (M) 

(£ t w q wm = nxm tJqW <j>(&) • 0) = P {§i) • 0, 

(|w 9 )(o)(0) = j^jj.j, • 0) = Kl) • 0. 

Corollary C. Lei (M,g) be a compact Kahler manifold of odd complex dimension m; let Q G 
H 2 (M, R) fee £/ie cZass o/ the (l,l)-form associated to g; consider a smooth deformation of the 
complex structure M — > A /or w/mc/i we wse Notation 3.7. Let A' — {t G A | 0^(0) G H 2 (M tl R) 
can 6e represented by a Kahler form for M t }; suppose A' be a neighbourhood of 0. 
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a) For t E A' let gt be a Kahler metric on M t whose (l,l)-form is of class </>j(0); if we fix a 
symplectic basis of H m (M, Z), we have that the map t <— * Z(T{M t , gt)) defined from a neighbourhood 
of in A' to Ji, associating to t the matrix in TL representing T(M t ,gt) with that choice of the 
symplectic basis, is holomorphic in iff p(T (A)) ■ (K(M, g) n J m (M) © (K'(M,g) n J m (M))) = 
(where ■ is the contraction), (observe that t i— » Z(T(M t ,gt)) is the composition of the map t i— ► 
{<f>t x )*g t withf). 

b) Suppose now that the canonical bundle of M is trivial and p is infective. For t G A' let g t be a 
Kahler metric on M t whose (1,1)- form is of class $f(f2), for instanc e the Kahler- Einstein metric 
whose (l,l)-form is of class 4>l(Q) (3! by Calabi-Yau's theorem (see \S.P. j); fix a symplectic basis 
of H m (M,Zi); then the differential in of the map 1 i— > Z(T(M tl gt)) (defined above) is infective. 
PROOF. We set W m {t) = (0 t -1 )* J^(M t ). By (1) and (2), we have that, if G J' m {M), then 

(ivO0)(4>) = ^ 1 ^ MM) ( P {§- t ) ■4>) = P (&)-4, 

See T(Mt,gt) = W^ n (t)/7r vv , w , ^ (H m (M 7 Z)) with the polarization whose imaginary part is 
(a, (3) = - f M (a + a) A {ft + %. Choosen a symplectic (for - / • A •) basis {7,-} of H m (M, Z) 
and a basis {uij(t)} of W' n (i), let ( ^fu) ) ^ e ^ e ma ^ rlx expressing u>j(t) in function of 7$. Then 
Z(T(M t , «? t )) = -E(t)F(t)-K 



Thus Z(T(M t ,gt)) is holomorphic in t iff W' m (t) G G c (b m /2,H m (M, C)) is holomorp hic in f . 
If the canonical bundle of M is trivial, the maps ^(9) -» Hom(H n '°, AT 1 " 1,1 ) and fl^fe) 



Hom(H°' n , H 1 ' 71 1 ) given by the contraction are injective (see [|Gr| p. 844). Then, as in [Gri], if 



also p is injective, the maps (dW m )(0) and (dW^J(O) are injective and we obtain b). □ 



4. Lazzeri's Jacobian of a bundle 

Definition 4.1. An element X of a lattice A is said primitive if jB\' G A smc/i i/iai A G ZA'. 

Proposition D. Lei (M, <?m) and (N,grf) be riemannian compact oriented manifolds of dimension 
2(2k + 1), resp. 2(2s). Lei p : F —> M be a bundle with fibre N and structure group G CDiff(N) 
and suppose g^ to be G-invariant. We consider on F the metric induced by gM and gpj. Suppose 
3 A £ H 2s (N, Z) /torsion such that A ^ 0, = A and A G-invariant. 

We define a map e\ : T(M) — > T(F) (we omit the metrics). If F = M X N we can define e\ 
simply as the map induced by the map H 2k+1 (M, R) — > Lf 2fe+1+2s (M x JV, R) defined by r\ 1— > 77 A A. 
More generally define A G Lf 2s (A, R) in i/ie following way: if U a trivializing open subset of 
M , A| p -i(m := 7r*A, where ir is the composition of a C°° trivialization p~ l (U) — » £/ x JV wi£/i £/ie 
projection U x A 7 — > AT ; suppose A is an integral form; define E\ : H 2k+1 (M, R) — » H 2k+1+2s (F, R) 
&y E\(rj) = p*r] A A; i/ie map £A defines a map e\ : T(M) — > T(F). 

The map e\ is holomorphic and, if Op and 9m are the polarizations ofT(F) and ofT(M), then 
e\9p = (J N \A*\)9m ■ Besides e\ is infective if one of the following conditions holds: a) J N AA*A = 
I b) F — M x N and A is primitive c) H*(N, Z) is free and G-invariant. 

Proof. • The fact that *^A = A implies at once that e\ is holomorphic and that e\9p = 
(f N \A*\)9 M : 

let {U a } a be a trivializing covering of M and let ipa be a partition of the unity for this covering; 
let 4> a be the partition of the unity for the covering of F (U a )} defined by 4> a {y) = ipa(p(y))] 
let uji,u 2 e H 2k+1 (M,R): 



[ E\(wi) AE x (oj 2 ) =V] [ (j) a E\{ux) A E) 



(u) 2 ) 



/ 4> a vi A A Auj 2 A A = / ipa^i Alo 2 A A *A = ( / A A *A) / uo\ A uj 2 
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• If a) holds then the map e\ is injective since it is a homomorphism of p.p.a.v.'s and preserves 
the polarization. It is easy to verify that b) implies e\ injective. Finally, if c) holds, then e\ is 
injective by the theorem of Leray-Hirsch (see |Sp] p. 258). □ 

Remark 4.2. Suppose F = Mx N. Observe that T(M x N) is the product of the abelian subvari- 
eties A t corresponding to {H\M, R)<g>H 2k+1+2s ~ t (N, R))©(i/ 2 ( 2 ' £ + 1 )-*(M, R) ®H 2s - 2k - 1+t (N, R)) 
for t 7^ 2k + l, and the abelian subvariety A 2 k+\ corresponding to H 2k+1 (M, R) (g>H 2s (N, R). Ob- 
viuosly Im e x C A 2k+ i. 

The abelian subvarieties A t for t ^ 2k + 1 are represented in the Siegel upper half space by a 
matrix Z with real part equal to 0; in fact: 

take as a complex basis of (#*(M, H)<g>H 2k+1+2s ~ t (N, R))©(i7 2 ( 2fc+1 ^* (M, Tl)®H 2s ~ 2k ~ 1+t (N, R)) 
a basis {r^} of H*(M, Z) ® 7J 2fe + 1 + 2s - t (jV, Z); we can complete {ri} to a symplectic basis {r*, s^} 
of the lattice taking as {sj a suitable basis of iI 2 ( 2fc+1 ) -t (M, Z) ® H 2s - 2k - 1+t (N, Z); since each 
Si is a real linear combination of the *r^s, Z is imaginary. 

Remark 4.3. If TV is Kahler and the 1-1 form associated to the metric is integral, i.e. N is 
projective, the hypothesis "A S H 2s (N,Z)/ torsion, *jvA = A" is satisfied if A = [fF]. 



Appendix 

Let M — R 2 ( 2fc+1 )/A be a torus and go a singular flat metric. We prove now that the definition of 
T(M, go) we gave at the end of Introduction does not depend on the metric g extending go: 
let {ei, e„} be a basis of R n with n = 2(2fc+l), orthonormal for g with < e\, e r >= (ker go) ±a 
and < e r+ i, ...,e„ >= kerg ; 

let g' be another metric extending go in the above sense; let {v\ , . . . , v n } be a basis of R™ orthonormal 
for g' with < v\, v r >= (ker go)" 1 " 9 ' an d < iv+ij v n >= ker go! 

let T ^ ^ ^ be the matrix expressing the basis {vi} in function of the basis {&;}; 

observe that the matrix A is orthogonal, in fact g = ^ ^ ^ ^ both in the basis {e!, e r , e r+ \, e„} 

and in the basis {v\, ...,v r ,v r+ \, v n }; 

A V f I \ f A \ f I 



thus I c E i ^ Q oj^c* j bJ = ( v o oJ ; then ^ is orth °g onal ; 

consider the basis {v[, ...,v' n } of R™ that is expressed by the matrix [ ^ j in function of 

the basis {vi, ...,v n }; 

the matrix expressing {v[, v' n } in function of {ei, e„} is ^ CA -1 E 

thus {t^, is a basis orthonormal for g' such that < v[, ...,v' r >— ker g^ 9 ' and < >= 

ker g ; 

the map i— > (f/) v is an isomorphism between T(M,go) built by g and T(M, go) built by g'. 
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